Abstract. The object of the present paper is to study φ-projectively flat generalized Sasakian-space-forms, projectively locally symmetric generalized Sasakian-space-forms and projectively locally φ-symmetric generalized Sasakian-space-forms. All the obtained results are in the form of necessary and sufficient conditions. Interesting relations between projective curvature tensor and conformal curvature tensor of a generalized Sasakian-spaceform of dimension greater than three have been established. Some of these properties are also analyzed in the light of quarter-symmetric metric connection, in addition with the Levi-Civita connection. Obtained results are supported by illustrative examples.
generalization of Sasakian-space-forms. It also contains a large class of almost contact manifolds. For example, it is known that [2] any three-dimensional pα, βq-trans Sasakian manifold with α, β depending on ξ is a generaliged Sasakian-space-form. However, we can find generalized Sasakian-space-forms with non-constant functions and arbitrary dimensions. In [1] , the authors cited several examples of generalized Sasakian-space-forms in terms of warped product spaces. In [8] , U. K. Kim studied conformally flat generalized Sasakian-space-forms and locally symmetric generalized Sasakian-space-forms. In our recent paper [6] , we have studied generalized Sasakian-space-forms with vanishing quasi-conformal curvature tensor and some symmetry properties have also been considered. In Riemannian geometry, one of the basic interests is curvature property and to what extent this determines the manifold itself. Two important curvature properties are flatness and symmetry. In [9] , the authors studied φ-projectively flat LP-Sasakian manifolds. In the paper [4] , we have studied projectively flat generalized-Sasakian-space-forms. In [5] , we also have studied locally φ-symmetric generalized Sasakian-space-forms. In this connection it should be mentioned that in [10] , T. Takahashi introduced the notion of locally φ-symmetric manifolds in the context of Sasakian geometry. In this paper, we like to study φ-projectively flat generalized Sasakian-spaceforms, projectively locally symmetric generalized Sasakian-space-forms and projectively locally φ-symmetric generalized Sasakian-space-forms, because after conformal and quasi-conformal curvature tensor, projective curvature tensor is an important one from the geometric point of view. The projective curvature tensor is a measure of the failure of a Riemannian manifold to be of constant curvature [11] . The present paper is organized as follows: In Section 2, we review some preliminary results. In Section 3, we study φ-projectively flat generalized Sasakian-space-forms and obtain that a generalized Sasakianspace-form of dimension greater than three is φ-projectively flat if and only if it is projectively flat. Section 4 deals with projectively locally symmetric generalized Sasakian-space-forms. In this section, we show that a generalized Sasakian-space-form of dimension greater than three is projectively locally symmetric if and only if it is conformally flat. Section 5 is devoted to study projectively locally φ-symmetric generalized Sasakian-space-forms. Here we find that a projectively locally φ-symmetric generalized Sasakian-space-form of dimension greater than three is also conformally flat and hence projectively locally symmetric. We show that the converse is also true. As a corollary, we prove that for a generalized Sasakian-space-form of dimension greater than three the condition that φ-projectively flat, projectively flat, projectively locally symmetric, projectively locally φ-symmetric and conformally flat are equivalent. We also investigate these properties of the space-forms with respect to quarter-symmetric metric connection as well as Levi-Civita connection. The last section contains illustrative examples to ensure the validity of the obtained results.
Preliminaries
In an almost contact metric manifold, we have [3] 
where φ is a p1, 1q tensor, ξ is a vector field, η is an 1-form and g is a Riemannian metric. The metric g induces an inner product on the tangent space of the manifold. Again we know that [1] in a generalized Sasakianspace-form
for any vector fields X, Y, Z on M, where R denotes the curvature tensor of M and f 1 , f 2 , f 3 are smooth functions on the manifold. The Ricci tensor S and the scalar curvature r of the manifold of dimension p2n`1q are respectively given by
For a p2n`1q-dimensional pn ą 1q almost contact metric manifold, the Weyl projective curvature tensor P is given by
3. φ-projectively flat generalized Sasakian-space-forms Definition 3.1. A p2n`1q-dimensional pn ą 1q generalized Sasakianspace-form is called φ-projectively flat if it satisfies
for any vector fields X, Y, Z on the manifold [9] .
From the definition, it follows that every projectively flat generalized Sasakian-space-form is φ-projectively flat but the converse may not be true. Interestingly, in this section we prove that for a generalized Sasakian-spaceform of dimension greater than three, the converse also holds. Here lies the importance of the study of φ-projectively flat generalized Sasakian-space forms.
Let us consider a φ-projectively flat generalized Sasakian-space-form. Then by definition
In view of p2.9q, the above equation yields
Using p2.2q, p2.6q and p2.7q, we obtain from above
Applying p2.3q, we get from the above equation
By virtue of p2.1q and p2.2q, the above equation yields
In the above equation, taking the inner product g in both sides with respect to W, we get
Putting Y " Z " e i , where te i u is an orthonormal basis of the tangent space at each point of the manifold and taking summation over i, i " 1, 2, . . . , 2n`1, we get
The above equation is true for any vector fields X and W. Let W " X. Then, it follows from the above equation that
The above result implies
From [4] , it is known that a generalized Sasakian-space-form of dimension greater than three is projectively flat if and only if f 3 " 3f 2
1´2n . Hence, we see that a φ-projectively flat generalized Sasakian-space-form is projectively flat.
Conversely, if the manifold is projectively flat, then P pX, Y qZ " 0. From which it trivially follows that φ 2 P pφX, φY qφZ " 0. Therefore, the manifold is φ-projectively flat. Now we are in a position to state the following: Theorem 3.1. A p2n`1q-dimensional pn ą 1q generalized Sasakian-spaceform is φ-projectively flat if and only if it is projectively flat.
It is also known that [4] a generalized Sasakian-space-form of dimension greater than three is projectively flat if and only if it is Ricci semisymmetric. Hence we can state the following: Corollary 3.1. A p2n`1q-dimensional pn ą 1q generalized Sasakianspace-form is φ-projectively flat if and only if it is Ricci semisymmetric.
We also know that [4] every flat generalized Sasakian-space-form is projectively flat but the converse is true when f 1 " f 3 . Therefore, we conclude the following: Corollary 3.2. Every flat generalized Sasakian-space-form is φ-projectively flat but the converse is true when f 1 " f 3 .
In general, generalized Sasakian-space-forms are almost contact metric manifolds. If it admits a contact structure, then we know that [5] if a p2n`1q-dimensional contact metric generalized Sasakian-space-form admits an infinitesimal non-isometric conformal transformation then f 3 "
In the following, we prove that the relation
implies f 2 " f 3 " 0.
In view of p2.7q and p2.6q, we can write the equation p2.9q as
Replacing X by φX and Y by φY, we get from p3.6q
Putting Y " W " e i , where te i u, i " 1, 2, . . . , 2n`1, is an orthonormal basis of the tangent space at each point of the manifold, and taking summation over i, we get
pφX, φe i , Z.e i q " f 2 t´gpφX, φZqgpφe i , φe i q`gpφ 2 Z, φ 2 Xq (3.8)`2 gpφ 2 X, φ 2 Zqu´f 3 gpφZ, φXq.
In the above equation again putting X " Y " e i , and taking summation over i, we get by virtue of p3.5q, f 2 " 0. Which in view of p3.5q yields f 3 " 0.
Conversely, f 2 " f 3 " 0 trivially implies f 3 "
1´2n , for n ą 1.
In view of the above discussion, we can state the following: Theorem 3.2. A p2n`1q-dimensional pn ą 1q generalized Sasakian-spaceform is φ-projectively flat or projectively flat if and only if f 2 " f 3 " 0.
It is known that [8] a generalized Sasakian-space-form of dimension greater than three is conformally flat if and only if f 2 " 0. Hence, we have the following: Corollary 3.4. A p2n`1q-dimensional pn ą 1q generalized Sasakianspace-form is φ-projectively flat or projectively flat if and only if it is conformally flat.
Remark 3.1. It is well known that a Riemannian manifold of dimension greater than three is projectively flat if and only if it is of constant curvature. On the other hand, a manifold of constant curvature is conformally flat but the converse does not hold always. The converse is true when the manifold is an Einstein manifold. So, for arbitrary Riemannian manifold, the property projectively flat and conformally flat are not equivalent. But, interestingly, they are equivalent for a generalized Sasakian-space-form of dimension greater than three. where ∇ denotes the Levi-Civita connection on the manifold. Differentiating p2.7q covariantly with respect to W, we obtain
Projectively locally symmetric generalized Sasakian-spaceforms
In view of p4.2q and p4.3q, it follows that Taking the inner product g in both sides of the above equation with a vector field V, we have
Putting Z " V " e i , where te i u is an orthonormal basis of the tangent space at each point of the manifold, and taking summation over i, i " We know that for the Levi-Civita connection ∇, p∇ W gqpX, Y q " 0, which gives
In the above equation putting X " e i and Y " φe i , we havé gp∇ W e i , φe i q´gpe i , ∇ W φe i q " 0.
The above equation can be written as
Thus we have (4.9) gpe i , p∇ W φqe i q " 0.
By virtue of p4.9q, p4.8q takes the form
The above equation is true for any vector fields X, Y on the manifold. For X " Y, p4.10q yields f 2 " 0.
It is known that [8] a generalized Sasakian-space-form of dimension greater than three is conformally flat if and only if f 2 " 0. Hence, the manifold under consideration is conformally flat. Conversely, suppose that the manifold is conformally flat. Hence, f 2 " 0. In addition, if we consider X, Y, Z orthogonal to ξ, then p2.6q yields RpX, Y qZ " f 1 pgpY, ZqX´gpX, ZqY q.
The above equation gives (4.11) r " 2np2n`1qf 1 .
In view of p2.8q and p4.11q, we have f 3 " 0. Hence, from p4.5q, we get
Therefore, the manifold is projectively locally symmetric. The above discussion helps us to state the following:
Theorem 4.1. A p2n`1q-dimensional pn ą 1q generalized Sasakianspace-form is projectively locally symmetric if and only if it is conformally flat.
Projectively locally φ-symmetric generalized Sasakian-spaceform
Defintion 5.1.
A generalized Sasakian-space-form of dimension greater than three is called projectively locally φ-symmetric if it satisfies φ 2 p∇ W P qpX, Y qZ " 0, for all vector fields X, Y, Z orthogonal to ξ.
In this connection, it should be mentioned that the notion of locally φ-symmetric manifolds was introduced by T. Takahashi in the context of Sasakian geometry [10] . Let us consider a projectively locally φ-symmetric generalized Sasakian-space-form of dimension greater than three. Then from the definition and p2.1q, we get (5.1)´p∇ W P qpX, Y qZ`ηpp∇ W P qpX, Y qZqξ " 0.
Taking the inner product g in both sides of the above equation with respect to W , we get (5.2)´gpp∇ W P qpX, Y qZ, W q`ηpp∇ W P qpX, Y qZqηpW q " 0.
If we take W orthogonal to ξ, then the above equation yields (5.3) gpp∇ W P qpX, Y qZ, W q " 0.
The above equation is true for all W orthogonal to ξ. If we choose W " 0 and not orthogonal to p∇ W P qpX, Y qZ, then it follows that p∇ W P qpX, Y qZ " 0.
Hence, the manifold is projectively locally symmetric and hence by Theorem 4.1, it is conformally flat. Conversely, let the manifold is conformally flat and hence f 2 " 0. Again, for X, Y, Z orthogonal to ξ, f 2 " 0 implies f 3 " 0, as before. From p4.5q, using p2.1q we have Hence, for f 2 " f 3 " 0, the above equation yields
where X, Y, Z are orthogonal to ξ. Therefore, the manifold is projectively locally φ-symmetric.
results obtained in the present paper, M is projectively flat, φ-projectively flat, conformally flat, projectively locally symmetric and projectively locally φ-symmetric.
